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We investigate the influence of the measure in the path integral for Euclidean quantum 
gravity in four dimensions within the Regge calculus. The action is bounded without 
additional terms by fixing the average lattice spacing. We set the length scale by 
a parameter /? and consider a scale invariant and a uniform measure. In the low /3 
region we observe a phase with negative curvature and a homogeneous distribution of 
the link lengths independent of the measure. The large (5 region is characterized by 
inhomogeneous link lengths distributions with spikes and positive curvature depending 
on the measure. 
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General relativity is the profound classical theory of gravitation. However, a fundamental 
description of gravity needs a synthesis with quantum theory. A direct route from classical 
to quantum gravity is the sum-over-histories formulation that considers the Euclidean path 
integral 

Z^Joge-'^^S^ (1) 

as the starting point for investigations of non-perturbative quantum gravity 1^, ^ ^ . The 
functional integration extents over a class of four-geometries g with gravitational action 

-lE{g) = Lp^ J d^xg^R, (2) 

where Lp is the Planck length, R the curvature scalar and g the determinant of the metric 
g. In the following we consider only geometries with the topology of a four-torus and 
therefore the Einstein-Hilbert action is used without surface terms. The main difficulties of 
integral (1) are well known, (i) A unique definition of the measure Dg does not exist Q. 
(ii) The action Ie is not bounded due to fluctuations of the conformal factor 

The aim of this work is to investigate the influence of the measure using the Regge 
calculus to approximate the path integral in a systematic way |^. For this purpose we 
perform computer simulations on a simplicial lattice, i.e. four-simplices which are glued 
together to form a piecewise flat four-geometry |Q, ^, ^. 

We use a construction derived from a triangulation of the four-torus which has the 
advantage that the coordination numbers of the lattice are close to those of a random lattice 
0]. Given a Euclidean configuration {qi} where qi is the squared length of the link I we can 
calculate the area At of every triangle t and the deficit angle defined by 

St^2TT-Y,^s,t- (3) 

sDt 

The sum runs over all four-simplices s sharing the same triangle t and Os.t denotes the 
dihedral angle between the two tetrahedras in simplex s which have triangle t in common 
i|. 



The Einstein-Hilbert action can be replaced then by a sum over all triangles 

-Ie L-p" '^AtSt =■■ +Lp''Sr, (4) 
t 

where the Regge action 5*^ is defined with a minus sign. We can now use the path integral 
of simplicial quantum gravity to calculate expectation values within the Regge calculus 

iO^.lI^l^. (5) 

where Dfi denotes an integration over different simplicial lattices Following Berg and 
Hamber |^ we hold the incidence matrices of the lattice fixed and vary the qi , reducing the 
integration (5) to a summation over different configurations {qi}. The difficulties (i) and (ii) 
appear now within the Regge calculus. 

(i) The measure Dfi has to be specified but as in the continuum case a unique definition 
does not exist. In this study we compare the scale invariant measure 

Ml: i?M=(n— mgi,...,g^J (6) 

with the uniform measure 

M2: Dfi^{l[dqi)Tiq,,...,qN,), (7) 

where J- is one for configurations fulfilling the Euclidean triangle inequalities in four dimen- 
sions and zero otherwise. 

(ii) The sum Sr in Eq. (4) is not bounded and we distinguish two types of divergences. 
The first type is due to a rescaling qi — s- Xqi leading to Sr XSr. The second occurs 
when some of the four-simplices collapse leading to triangles t with 6t 2tt and — > oo. 
The introduction of a cosmological constant term removes only the first type of divergences 
H, ^. However, for a lattice with a finite number of links A^i the action is bounded if we 
require the average lattice spacing to stay finite. The prescription 



defines the average lattice spacing a in units of the Planck length and introduces the coupling 
parameter (3. 

In our study of the scale invariant measure Ml we use the constraint a = const to 
limit the action. The incorporation of the measure and the necessary rescaling have been 
described by Berg 0. 

The above constraint (8) implies a cutoff since qi < NifSL'j^ for Euclidean configurations. 
This suggests for computations with the uniform measure M2 to impose a cutoff qi < const 
for every link. 

For system Ml the parameter f3 is the expectation value (qi) in units of Lp. To allow 
a comparison of the two measures we computed various expectation values as a function of 
{qi) on lattices with 4* vertices. 

In Fig. 1 the action density {Sr)/{V) is depicted versus (qi)^ where V is the total 
volume of the lattice. One sees clearly that both measures agree for small (3. Increasing 
/3 stepwise a sudden jump at a critical f3o to positive values occurs for the scale invariant 
measure whereas the transition from negative to positive curvature seems to be smooth in 
the case of the uniform measure. We define (3o as the transition point from negative to 
positive action which can depend on the measure. 

It is interesting to investigate separately the behavior of the areas At and of the deficit 
angles St. Fig. 2 shows {At)i versus {qi)i and again Ml and M2 yield the same results for 
small p. However, for M2 the areas grow linearly with the squared link lengths for all P 
values whereas Ml shows a clear deviation from the linear behavior for f3 > Pq. The reason 
is the growth of spikes across the transition point for the invariant measure which will be 
discussed below. This gives also rise for a fractal dimension rf < 4 of the simplicial lattice. 

In Fig. 3 both (St) and (6^) are drawn versus {qi)i ■ Surprisingly the average of the 
deficit angles stays negative for all The change of sign in Sr must be due to a correlation 
of a few positive 6t with large At and many negative St with small At- The value {6t) turns 
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out to decrease in the small /3 region where Ml and M2 give (nearly) the same results and 
shows an increasing behavior in the right phase. 

The transition at /3o is clearly seen also in the histograms of single configurations {qi}. In 
the small /3 region the equilibrium distributions of the link lengths are rather homogeneous 
having a small width. As seen in Fig. 4 a characteristic change of the distributions occurs 
for larger /3 leading to inhomogeneous configurations. For Ml we observe a few very large 
links and a drastical increase of the number of short links. For M2 both the number of small 
links and the number of links near the cutoff increases. 

To better understand this behavior we calculated the next neighbor distances qy by 
averaging qi over all links meeting at the same vertex v. These distances are plotted in Fig. 
5 both for the low and high /3 region. One observes the formation of isolated "spikes" in the 
large /3 region for Ml. The site-to-site fluctuations of (jy for M2 indicate a crumpled lattice 
without extremely large spikes. 

A few remarks about our experience with numerical convergence are in order. Using 
inhomogeneous start configurations it is difficult within Ml to reach an equilibrium even 
in the small (3 region and very long runs are necessary. For M2 the calculated observables 
converge rather fast and show no dependence on the start configuration for all (3 values. 

To conclude, we have investigated the influence of the measure in the Regge discretization 
of Euclidean quantum gravity. Comparing a scale invariant and a uniform measure it turned 
out that there exists a phase of short link lengths in units of the Planck scale where all 
observables under consideration were independent of the two measures. The differences 
between the expectation values and the link lengths distribution for larger (3 seem to indicate 
an influence of the measure. Investigations of a system with a scale invariant measure and 
flxed mean volume yield essentially the same results as flxed mean link length. At present 
simulations with a measure H dqq^^~^^ , < s < 1, interpolating between the uniform and the 
scale invariant measure are in progress. Preliminary results show again a phase independent 
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of the measure indicating a universality of the Regge calculus. 

We benefitted from helpful discussions with B. Berg, C. J. Isham and P. Mcnotti during 
the preparation of the article. This work was supported in part by "Fonds zur Forderung 
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FIG. 1. Action density versus link length in units of for the scale invariant measure Ml 
and the uniform measure M2 on lattice size 4^. Averages are taken over the whole lattice 
and over 1500 iterations for every (3. Error bars due to mean standard deviation are smaller 
than the symbols. In the small (3 region for both measures a stable regime with negative 
action density is found. With increasing /3 Ml exhibits a sudden jump to positive values 
whereas M2 shows a smooth behavior. 
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FIG. 2. Square root of average area versus average link length in units of Lp computed for 
the scale invariant (Ml) and the uniform (M2) measure. M2 shows a linear increase in the 
entire /? regime whereas Ml exhibits a sudden deviation from the linear behavior at /Jo- 
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FIG. 3. Average deficit angle and squared deficit angle versus link length. {5t) stays negative 
even for /3's with positive curvature and {6^) reaches its minimum at the transition point 
/3o. 
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FIG. 4. Histograms of squared link lengths in units of the average hnk length in double 
logarithmic scale. The shapes are nearly independent of the measure for low (3. For higher 
P the histograms differ significantly. In Ml the formation of a few large and a lot of small 
links occurs while for M2 the lack of small links is a characteristics of the measure. 
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FIG. 5. Average squared distance ijv of the vertices from their next neighbors in units of the 
average link length. The pictures correspond to the configurations of Fig. 4. For higher /? 
the scale invariant measure develops spikes whereas a crumpled lattice without significant 
spikes is observed for the uniform measure. 
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